Abstract-This paper proposes a general framework to study the conflict resolution for multiple intersecting flows of aircraft in planar airspace. The conflict-resolution problem is decomposed into a sequence of subproblems, each involving only two intersecting flows of aircraft. The strategy for achieving the decomposition is to laterally displace the aircraft flows so that they intersect in pairs, and the resulting conflict zones have no overlap. A conflict zone is defined as a circular area that is centered at the intersection of a pair of flows, which allows aircraft approaching the intersection to resolve the conflict completely within the conflict zone without straying outside. An optimization problem is then formulated to minimize the lateral displacements of the aircraft flows. Although this optimization problem is difficult to solve in general due to its nonconvex nature, a closed-form solution can be obtained for three intersecting flows. The minimum requirement of lateral displacements of aircraft flows for conflict resolution can also be used as a metric of traffic complexity for multiple intersecting flows of aircraft. It is shown that the order of growth of this complexity metric is O(n 3 ) for symmetric configurations of n flows of aircraft.
I. INTRODUCTION
T HE CURRENT air-traffic-control (ATC) system faces a large demand for air transportation. This demand will grow at a rapid pace in the future (e.g., airline traffic is expected to triple by 2025) [1] . As a consequence, the amount and the complexity of air traffic are expected to steadily increase as well. Air traffic complexity is a key factor that affects the ATC controllers' workload, which, in turn, affects the capacity of the controlled airspace-the maximum number of aircraft that can be safely handled by the controllers. Even with today's levels of air traffic complexity, the ATC system has suffered from problems such as overintensive workload of the controllers [2] and common airborne delays in flights [3] . Therefore, it is urgent to establish a good understanding of air traffic complexity and to develop effective technologies to overcome it.
There have been a wide range of research efforts examining the complexity of air traffic. These studies can be roughly put into two categories. One is related to cognitive complexity, which serves as an indication of the mental workload of controllers in response to the air traffic (e.g., [4] - [7] ), and the other is related to intrinsic complexity, which is revealed by metrics characterizing the airspace and traffic of aircraft or other constraints (e.g., weather, special use airspace, etc.) from a system perspective [8] - [13] . In this study, we are ultimately more interested in the intrinsic aspect of air traffic complexity. Specifically, we investigate the intrinsic complexity and conflict resolution for a specific traffic scenario involving multiple intersecting flows of aircraft. However, we also indirectly address issues of cognitive complexity in developing the traffic model that is examined in this paper.
Histon et al. [4] suggest that the complexity (cognitive) of a system of traffic can be reduced by reorganizing the traffic into standard flows or other structured traffic patterns. Krozel et al. [12] , [14] have studied the effect of platooning on the complexity of airspace and found that the complexity is reduced as platoon sizes increase. Based on these findings, we concentrate on the traffic flow as a traffic pattern of interest. It should be noted that there are other important factors influencing traffic complexity that we do not address in this paper. Weather, variances in aircraft speeds, and traffic ascending or descending into the control space are a few examples of such influences.
The characteristics of aircraft flows have been investigated in several studies. For example, Mitchell et al. [15] and Krozel et al. [12] , [14] have investigated the problem of estimating the capacity of an airspace region during weather events. In both studies, they considered a model where the aircraft flows pass through the airspace with constant-width air lanes. These lanes are not allowed to overlap among each other, thus lowering traffic complexity. Moreau and Roy [16] have studied the stochastic characteristics of a single flow of aircraft and analyzed the performance of several types of flow-management restrictions that are imposed on the flow. Bayen et al. [17] have developed a partial differential equation to describe the dynamics of traffic along an aircraft route or airway and further generalized their analysis to a network of interconnected airways. Based on their network model, they investigated the detailed characteristics of unidirectional nonintersecting air traffic. For intersecting aircraft flows, Mao et al. [18] - [21] have conducted research investigating the stability of the aircraft flows under decentralized and centralized conflict-avoidance rules. They considered two and three intersecting flows of aircraft, respectively.
In this study, we follow upon the research efforts by Mao et al. [18] - [21] and propose a general framework for the conflict resolution of multiple intersecting flows of aircraft. As observed by Mao et al. [21] , the study for more than three intersecting flows tends to be very complicated if we accept as a constraint that each aircraft is allowed to make only one maneuver for the conflict resolution. However, if we allow multiple sequential maneuvers for individual aircraft to avoid conflicts, the analysis becomes simpler. We show that the conflict resolution problem can be decomposed into a sequence of subproblems, each involving only two intersecting flows of aircraft. Then, we extend the analytical results for two intersecting flows [18] to systems of three or more flows and accordingly estimate performance bounds. Consideration of the general traffic scenario of multiple intersecting flows of aircraft stresses some of the more difficult problems arising in conflict management, including the "domino effect" [18] , [22] . Based on the investigation of such traffic scenarios, we may obtain insight into the conflict resolution for complex emerging situations in future ATC, particularly those involving high density of aircraft. Our contribution will be complementary to the Free Flight, which emphasizes less-structured air traffic management and decentralized conflict resolution.
II. AIR TRAFFIC, CONFLICT RESOLUTION, AND TRAFFIC COMPLEXITY
In this section, we describe the models that are used in the analysis to follow. We develop models for the arrangement of aircraft into traffic flows, as proposed in previous work. These models are employed in designing measures of conflict resolution for air traffic in planar airspace and in deriving the metric of air traffic complexity that is presented in this paper.
To that end, we examine the degree to which we may exercise control over the system variables to guarantee conflict-free transportation within controlled airspace.
A. General Considerations
Following the work of Mao et al. [18] , [20] , [21] , we consider only the planar ATC space or the control space. The aircraft travel at the same altitude and use only horizontal maneuvers for the conflict resolution. Any aircraft in the same flow are assumed to fly at the same speed, which is a simple way to keep the formation of the flow. For the purposes of this analysis, we also assume that the aircraft from different flows also have the same speed. However, the results derived under this assumption can be generalized for the situation where different flows have different speeds using a technique introduced in [19] and briefly reviewed in Section III.
Potential conflicts occur at flow intersections, which are inherent to nonparallel flows. Conflict avoidance for individual aircraft near these points requires a maneuver, which, as in the model discussed in [18] , consists of lateral "stray" and "return" displacements of individual aircraft about the flow line. A maneuver of lateral displacement can be realized by a twoheading-change maneuver (with a fixed magnitude of headingchange angle δ), as shown in Fig. 1 . In the vicinity of the control space, we consider air traffic to be arranged into traffic flows. Aircraft within a flow may be packed to arbitrary density subject to the requirements of individual aircraft separation. As in previous work, the amount of required separation D sep between aircraft is established by a circular buffer of radius D sep /2 surrounding individual aircraft. The Federal Aviation Administration's separation distance is 5 nautical miles for en route traffic. The resulting circular buffer, then, is known as the aircraft protected zone, and the fundamental criterion for the conflict resolution is that protected zones between aircraft should not overlap. A traffic flow, by the definition that is used up to this point, supports arbitrary aircraft density (subject to the separation of D sep between neighboring aircraft) along the direction of flow but is precisely one aircraft separation in width. Although, for the present time, we continue to consider a flow with a single lane, it may be useful in the future to consider flows allowing multiple parallel lanes of aircraft.
At this point, we assume no parallel or antiparallel flows, such that all flow pairs have a single intersection in the finite plane. Parallel flows can be handled fairly easily after developing an intermediate algorithm without considering them at first. For each flow out of n flows, there are n − 1 other flows with which it might intersect. A number n of mutually nonparallel flows converging on the control space imply n − 1 points of potential conflict along a single flow line or n(n − 1)/2 intersections in total (the number of pairwise combinations of flows).
The conflict zone is an area that surrounds the intersection or the point of conflict (Fig. 2) . The conflict zone demands some additional area, apart from the nominal area of the aircraft protected zone, to guarantee that aircraft approaching the point of conflict can maneuver to completely avoid such conflict, without straying outside of the zone. Outside of the conflict zones, the aircraft paths along flows are treated as straight lines along flows without misbehavior.
Our strategy for the conflict resolution of multiple intersecting flows of aircraft is to laterally displace the flows, so that they intersect in pairs, and the resulting conflict zones have no overlap (Fig. 2) . We reserve a conflict zone for each pair of intersecting flows of aircraft. Within a conflict zone, the detection and the resolution of potential conflicts can be realized by a decentralized algorithm [18] (or a centralized algorithm [21] ). For multiple intersecting flows of aircraft, the detection of potential conflicts is based on whether there exists overlap among the conflict zones. If no overlap exists, it is not necessary to displace the original tracks of the aircraft flows. If overlap is detected among some conflict zones, then we need to displace the flow tracks to avoid the overlap. This is to avoid the potential domino effect, where the conflict resolution between a pair of aircraft flows may create new conflicts with the other flows. We accomplish the lateral displacements of aircraft flows in a way that keeps such displacements as small as possible, while guaranteeing that the conflict zones have no overlap. The minimum requirement of the maximum lateral displacement of all flows for the conflict resolution provides a metric of traffic complexity for multiple intersecting flows of aircraft. This metric is a function of the number and the orientation of the aircraft flows entering the control space. The proposed metric of complexity is consistent with intuition. The more dense the set of original intersecting points of the flows, the more complex the traffic. Consistently, this situation corresponds to a larger value of the proposed complexity metric since larger lateral displacements are required for the conflict resolution in this situation [see (15) or Fig. 5 for an example]. The proposed metric of traffic complexity also provides an indication of the "centralized effort" that is required in the conflict resolution. Under our strategy, the conflict resolution for multiple intersecting flows can be divided into two stages. The first stage is to laterally displace the flows to avoid overlap between any pair of conflict zones-this stage needs centralized planning. The second stage is to avoid conflicts within the conflict zones-as mentioned previously, in this stage, conflict detection and resolution can be realized under decentralized architecture [18] , which requires no further effort or interference from the ground controllers. Therefore, the requirement of lateral displacements of the flows indicates the effort that the flows need to undertake during the stage of centralized planning. It should be noted, however, that the proposed metric is only one way, among many, to characterize the traffic complexity (as previously discussed in the literature review).
In this paper, we only consider the lateral displacements of aircraft and aircraft flows, without addressing other possible maneuvers, such as vertical maneuvers or simple headingchange maneuvers. Such consideration may simplify the analysis. After taking a lateral displacement, an aircraft maintains its original flying direction and velocity, keeping zero relative velocity with the other aircraft in the same flow. In doing so, the aircraft can easily keep the formation of the flow, and the conflict resolution for two flows can be achieved based on a linear partition of the airspace around the intersection of the two flows (see Section III). Moreover, the aircraft only need to repeat one unified maneuver, i.e., lateral displacement, during different phases of the conflict resolution, whether within or outside of the conflict zones. This facilitates a structured way of the conflict resolution, thus reducing complexity. In addition, as a horizontal maneuver, the lateral displacement can avoid flight level changes and may not perturb the vertically stratified traffic structure of today's en route airspace [18] .
On the other hand, our strategy of the conflict resolution requires individual aircraft to make multiple sequential maneuvers, which may lead to an increase in direct operating cost. However, the safety of aircraft and the stability of aircraft flows can be verified and achieved in a systematic way under this strategy. Arranging flows in the above manner allows us to apply the decentralized ATC algorithm and simple stability conditions of [18] on a per-conflict-zone basis. As a result, we may regard the conflict zone as a fundamentally stable element in our model. Here, the system of intersecting aircraft flows is defined to be stable if all conflicts are resolved, and the deviation of each aircraft trajectory from its original track, due to the requirement for the conflict resolution, remains bounded [18] . 
B. Mathematical Descriptions
Although the concept of the air traffic flow remains largely the same as in previous work, we will apply a slightly different flow description, relying more heavily on vector analysis. First, we establish a line describing the path of the flow. This line represents the set of all points where an aircraft (center of a protected zone) might lie. We choose the center of the control space as a natural reference point (the origin of the coordinate system) from which to define the location of the flow line. In the model (Fig. 3 ), a flow is specified by two parameters: θ, which is the direction of a vector normal to or "supporting" the line, and p, which is the lateral displacement along that direction with respect to the origin. These parameters describe the magnitude and the direction, respectively, of a support vector. The line is understood to lie perpendicular to its support direction, as seen in Fig. 3 . The vector equation of the line is derived below.
We consider the support directional vector as a unit vector
such that the support vector itself is pu. Then, a positional vector x = (x, y) T lying on the flow line, referenced from the support of the flow, satisfies orthogonality with the direction of support:
Note that the line equation does not completely describe the flow. We still need to determine which way the traffic is flowing along the line, as indicated by the orientation of the flow (left or right handed). At this point, it becomes important to distinguish between support vector pu and support directional vector u. If we let p take a positive value to represent the displacement to the right and a negative value for the displacement to the left, respectively [ Fig. 3 , left and right, respectively], then we can let θ uniquely correspond to the flow direction and orientation. That is, we consider that the flow lies normal to, and is oriented counterclockwise from, its support directional vector u. The support vector is then simply regarded as the position on the flow line that is closest to the control space origin.
We have not yet selected a reference from which to define the direction θ. However, we note that the rotations of a described air traffic system about the control space origin have no effect on the system stability or complexity. Therefore, the selection of a coordinate system reference angle is largely arbitrary. Without loss of generality, flows are indexed in ascending order of the angle θ i ∈ [0, 2π) for i = 1, . . . , n, where n flows are considered. In an attempt to avoid confusion in future sections of this paper, we note that the angle θ, describing the support directional vector, is a full π/2 rad (a quarter turn) less than an angle to the flow line itself. We choose to keep this convention because the description of the flow line by a support vector simplifies the mathematics. Again, we emphasize that a full system rotation is regarded as meaningless in terms of impact on the problem solution. It is, therefore, acceptable to consider θ to be the flow direction instead of the direction of support.
The trajectories or tracks of flows are parameters given to the problem. That is, we are given a set of n angles {θ i }, or a vector θ, defining flow orientations (support directions), and we are also given the displacements of the original flow tracks with respect to the origin, denoted {p i } or a vector p. By laterally displacing flows, we have some control over the locations of intersections. Therefore, our conflict-resolution strategy is limited to the selection of a flow configuration, a set of lateral displacements of the flows, {d i } or a vector d, with respect to the original flow tracks. After taking these lateral displacements, the new flow tracks have the updated displacements with respect to the origin:
In later sections, we will develop expressions for the locations of flow intersections as a function of these displacements.
The nature of our problem is to find a configuration of flows by way of a set of lateral displacements {d 1 , . . . , d n } such that no conflict zones overlap. Moreover, we look for the minimum requirement that is placed upon the lateral displacements satisfying the condition of nonoverlapping conflict zones. Specifically, we introduce d max = max{|d 1 |, . . . , |d n |} and seek to determine the lateral displacements with the minimal value of d max that can host a feasible arrangement of nonoverlapping conflict zones. We use this minimal value of d max as a metric of traffic complexity for multiple flows of aircraft. Here, we choose to minimize d max instead of n i=1 |d i |. This is because minimizing n i=1 |d i | in many situations arrives at a solution with some d i being zero while others with relatively large magnitudes-this introduces unfairness in the resolution. In contrast, minimizing d max tends to obtain a resolution that is fairer for all the flows [see (15) or Fig. 5 for an example, where all the flows have the lateral displacements with the same magnitude].
III. TWO INTERSECTING FLOWS OF AIRCRAFT AND THE SIZE OF THE CONFLICT ZONE
In this section, we review some of the background in the conflict resolution for two flows within the conflict zone. The conflict zone is an area buffer surrounding the intersection, or the potential point of conflict, between a pair of flows. As discussed in Section II-A, the conflict zone is the fundamental stable unit of airspace.
Inside the conflict zone, the conflict resolution is achieved by lateral "stray" deviations away from the flow line. For example, the aircraft entering the conflict zone (Fig. 4) are arranged into "aisles" of width D sep , such that the aircraft in flow 1 are situated in the light-colored aisles, whereas the aircraft in flow 2 are situated in the dark-colored aisles. The aisles are parallel to each other and aligned with the relative velocity vector between the two flows. Moreover, the aisles "flow" together with the aircraft; that is, there is no relative motion between the aisle and the aircraft in the direction perpendicular to the aisles. It is argued that from the perspective of, or relative to, aircraft in flow 1, the aircraft in flow 2 are moving parallel to the orientation of the aisles. The aircraft in flow 2 perceive the motion of aircraft in flow 1 the same way. Therefore, as long as aircraft adhere to their respective aisle assignments, the conflict resolution is guaranteed, and aircraft pass by each other in a comblike pattern. Once these aircraft have cleared the point of conflict, they may maneuver into place once again upon the flow line.
It turns out that the magnitude of a lateral deviation-the distance to the nearest safe aisle-is bounded. Mao et al. provide a tight bound on the deviations that are required for the conflict-free crossing of two aircraft flows (with the same speed). This bound applies both to decentralized architecture [18] and centralized architecture of aisle assignment [21] and is determined by encountering angle φ of the two flows
Following another study by Mao and Feron [19] , the result of (3) can be generalized to the situation where the aircraft from different flows have different speeds. Let v 1 and v 2 be the velocity vectors of aircraft in flows 1 and 2, respectively, and denote v 1 and v 2 the magnitudes of v 1 and v 2 , respectively. It is required that cos φ = v 2 /v 1 and cos φ = v 1 /v 2 ; otherwise, the aircraft cannot resolve potential conflicts via lateral position changes only [19] . (Fig. 4) . Based on [19] , we can derive that
and that under the centralized conflict resolution, the magnitude of the aircraft lateral displacement should be bounded above by
, for aircraft in flow 1
, for aircraft in flow 2.
The performance bound for the decentralized conflict resolution has been given in [19] . In the rest of this paper, we still assume that the aircraft from different flows have the same speed. However, more sophisticated results for the situation with different flow speeds can be derived based on (5) and [19] .
We use bound L in (3) to determine the size of the conflict zone that is required for the stable conflict resolution of two aircraft flows. Note that the model in [18] and [21] considers instantaneous deviations only, and these maneuvers are not realistic. Individual aircraft needs some lead space in which to make a series of heading changes to realize such a deviation (Fig. 1) . Additionally, an actual instantaneous deviation at the surface of a circular region would place the aircraft outside of the region itself, which is contradictory to the nature of the conflict zone-aircraft should not stray from within. We must consider a buffer coefficient b(L) in determining the radius of the conflict zone, i.e.,
where r is the demanded radius of the conflict zone, and L is the upper bound of the aircraft lateral displacement, which is determined by (3). Buffer coefficient b(L) is a function of L, and, more precisely, it should depend on the aircraft dynamics. However, to simplify the analysis, we approximate this buffer coefficient by a constant b (b should be larger than 1 and should be no less than 1/ tan δ if the lateral displacement is realized by a two-heading-change maneuver, as demonstrated in Fig. 1 ) since the lead time for a lateral displacement is considered to be its dominant factor. Using the constant approximation for b(L) greatly simplifies some of the preliminary mathematical analysis. However, if a more accurate form of the buffer coefficient is required, we must take into account the aircraft dynamics in the expression of b(L). Based on the constant simplification, together with (3) and (6), we have
IV. MULTIPLE INTERSECTING FLOWS OF AIRCRAFT
In this section, we consider the conflict resolution for multiple intersecting flows of aircraft. We begin by formulating an optimization problem whose solution determines the minimum requirement on the maximum lateral displacement of aircraft flows at arbitrary (nonparallel) angles with guaranteed stability. This problem contains nonconvex constraints and is difficult to solve in general. We will continue by providing a closed-form solution for three intersecting flows.
A. General Optimization Problem
We seek the lowest demand on the lateral displacements of flows that lead to nonoverlapping conflict zones. We can formulate this problem as an optimization problem, where the objective is to minimize the maximum displacement of all flows, i.e., max{|d 1 |, . . . , |d n |}. The constraints can be numerous. The following analysis is illustrated by the situation depicted in Fig. 2 .
As is the nature of the problem, the constraints largely consider the location and the size of conflict zones. For n flows, there are X = n(n − 1)/2 intersections or conflict zones. Therefore, there are X(X − 1)/2 constraints from the pairwise combination of conflict zones (any pair of conflict zones should not overlap). As introduced previously, we use multidimensional vector d = (d 1 , . . . , d n ) T to represent the lateral flow displacements, which directly affect the locations of intersections. It may be useful to consider that, as n grows larger, the activity of these constraints becomes sparse for a feasible solution. That is, the ratio of active separations (satisfied with equality) to total separations decreases with an increasing number of flows. Denote (x jk , y jk ) as the point of intersection occurring between flows j and k, and denote r jk as the radius of the conflict zone, which is centered at (x jk , y jk ). Then, any pair of conflict zones can be characterized by {x jk , y jk , r jk } and {x j k , y j k , r j k } with 1) 1 ≤ j < k ≤ n, 2) 1 ≤ j < k ≤ n, and 3) j = j or k = k . Such a pair of conflict zones yields a constraint of the following form:
The above (2)], i.e.,
Therefore, we can derive
Furthermore, according to (7), r jk is determined by
Recall that the flows are indexed in ascending order of angle θ i ∈ [0, 2π) for i = 1, . . . , n; therefore, (θ k − θ j )/2 remains within (0, π) for j < k-this guarantees that the right-hand side of (10) is strictly greater than 0.
With the above constraints, we can present the optimization problem (for finding the lowest demand on the lateral flow displacements that result in nonoverlapping conflict zones), i.e.,
which is equivalent to
This optimization problem is difficult to solve because it involves nonconvex constraints (8) . Note, however, that the property of the n = 3 problem allows us to solve the optimization problem in a closed-form manner.
B. Special Case: Three Intersecting Flows of Aircraft
We consider the conflict resolution for three intersecting flows. For three flows, there are three conflict zones, and their arrangement leads to the formation of a geometrical structure that is characterized by three circles, where each is centered at one of the vertices of a triangle. From Section III, we note that the conflict zone radii are determined by the flow directions, which are given to the problem. The lateral displacements determine the position and the size of the triangle; however, we note that selections of d = (d 1 , d 2 , d 3 ) T produce similar triangles, differing only in scale and position (see Fig. 5 ). Therefore, the placement of the conflict zones is constrained highly, and the sizes are predetermined completely. In the following, we will first derive a condition that the optimal flow displacements must satisfy and then provide a procedure to find the optimal displacements.
1) Optimality Condition: First, we consider the situation where the original tracks of the three flows converge at a single point (Fig. 5, top) . It is apparent that, in the optimal solution to (11) or (12) for three flows, lateral displacements d should produce the smallest triangle among all the triangles that can be produced by the displacements, leading to nonoverlapping conflict zones. In addition, the original intersecting point of the three flows should reside within this smallest triangle. Denote e 1 , e 2 , and e 3 as the lengths of edges of the triangle that is produced by the optimal flow displacements. The area of this triangle, which is denoted A opt , is equal to the sum of the three shaded subtriangles inside it, as demonstrated by Fig. 5 (top) . Therefore
.
That is
On the other hand, by translating the minimum triangle such that the center of its inscribed circle coincides with the intersecting point of the original flow tracks, we obtain a feasible solution to (11) or (12) for three flows with
The optimality of d * max implies that d * max should be not greater than the above value of d max , i.e., 2A opt /(e 1 + e 2 + e 3 ). According to (13) , the optimal displacements must satisfy
Next, we consider the situation where the original tracks of the three flows form a triangle whose area is smaller than A opt (Fig. 5, bottom) . Denote r 0 as the radius of the inscribed circle of this triangle. By taking steps that are similar with the derivation of (14), we may obtain the following condition for the optimal displacements:
It can be verified that if r 0 ≥ 2A opt /(e 1 + e 2 + e 3 ), the conflict zones for the original flow tracks will not overlap, and then it is not necessary to make any lateral displacements of the flows. Therefore, in this case, d * max = 0. When r 0 becomes 0, the original flow tracks converge at one point, and optimality condition (15) becomes the same as (14) .
2) Determining a Minimizing Flow Configuration:
With the optimality condition of (14) or (15), what is left is to determine the lengths of edges {e 1 , e 2 , e 3 } and area A opt of the smallest scale triangle-the most compact arrangement-that can host the conflict zones without overlap.
We begin by introducing some notations. We label support direction angles θ 1 , θ 2 , and θ 3 in ascending order such that
Note that we assume no parallel or antiparallel angles. We let a set of angles {φ i } correspond to the angles that are subtended by successive adjacent flow pairs (Fig. 6) , i.e.,
Note that {φ i } are defined circularly, as is apparent from the definition of φ 2 . That is, they are measured in a counterclockwise manner, such that their sum is 2π, or a complete revolution. In addition, we denote r 1 , r 2 , and r 3 as the radii of the conflict zones surrounding the intersections between From {φ i } and (7), we determine the conflict zone radii by
As mentioned, the three segments, which are formed between pairs of flow intersections, constitute a triangle with conflict zones occurring at the vertices. We calculate the inner angles {α i } of the triangle that is formed. Fig. 6 shows two disjoint possibilities for {φ i }, which lead to two separate cases for the inner angles. Fig. 6 (left) shows the case where the orientations of all three flows can be seen to lie in a half-plane. The condition that is satisfied by this case is that one of the circularly defined φ i > π. The example in Fig. 6 (left) shows φ 2 > π. Fig. 6 (right) then shows the other case, for which no half-plane contains all three flow directions. From the inspection of Fig. 6 (left and right), we find that {α i } is given by
where i = 1, 2, 3.
To determine the most compact flow arrangement, we apply the law of Sines. Using the result of (17), we can calculate edge lengths {e i } of the triangle edges and complete the triangle parameterization. Note that by law of Sines, we can choose a number E such that
The feasibility constraints for the triangle edge lengths e 1 , e 2 , and e 3 to prevent the conflict zone overlap are as follows:
where r i is determined by (16) for i = 1, 2, and 3. Isolating E on the left-hand side, we see that the smallest value that simultaneously satisfies all three constraints is given by
Based on (18) and (19), triangle edge lengths e 1 , e 2 , and e 3 under the most compact arrangement are determined by
for i = 1, 2, and 3. Then, we can calculate area A opt by using Heron's formula [23] , i.e.,
where s = (e 1 + e 2 + e 3 )/2.
With A opt and e 1 , e 2 , and e 3 , we can determine the optimal displacements using (14) or (15) .
V. HOW TRAFFIC COMPLEXITY IS AFFECTED BY THE NUMBER OF FLOWS
In previous sections, we have developed a formal approach to a measure of complexity for a system of air traffic flows. In this section, we examine the growth in the demand of lateral flow displacements for the conflict resolution with an increasing number of flows. This examination should provide insight into the usefulness of the current model and where it might be improved. We consider n symmetric flows whose original tracks intersect at the origin, i.e., p i = 0 for i = 1, . . . , n. The n flow orientations evenly spaced over the control space, i.e.,
Even for a symmetric arrangement, optimization problem (11) or (12) is difficult to solve. However, in establishing an upper bound on the demand for stability, we consider a symmetric configuration of flows, which is achieved by setting d i = d for any i. As a result of the symmetric configuration, we find that the points of intersection of flows, if treated as vertices, form a sequence of regular n-gons in shells about the origin (see Fig. 7 , top). In general, the n-gon shells can be indexed by k, where the kth shell is formed by the n intersections between flows i = 1, . . . , n and j = ((i + k)) n . Here, operator ((·)) n implies modulo-n wrapping over the index range. Shell index k itself is found in the range k = 1, . . . , K, where
that is, the largest integer that is no greater than (n − 1)/2. The result expressed for K accounts for the number of flows that are contained within half-circle θ i ∈ (0, π) or all flows for which intersections with flow 1 (θ 1 = 0) lie in distinct shells. Flows beyond θ i = π intersect with flow 1 on shells that are already formed with previous flows. Note that for even numbers of flows, θ i = π is produced, which is not counted in K. This final would-be stage does not provide a shell in the finite plane because the flows are antiparallel and, therefore, do not intersect. As a result, there is no conflict; therefore, the shell is simply ignored. Because of symmetry, we can express the angle between two flows intersecting in the kth shell by φ (k) , and we can derive
For the symmetric system, all intersections within a shell are equidistant from the center of the space, and all conflict zones within a shell have the same radius. The dimensions of the frame of the system, i.e., the network of flow segments formed between intersections, are proportional to single displacement variable d. The problem to be solved is to minimize d while ensuring that the frame supports all conflict zones without overlap. We denote d min the solution to this problem. Now, if we consider, instead of shells, that the conflict zones are arranged in bands (Fig. 7, bottom) , then we can slightly tighten the constraints and still obtain a relatively tight upper bound on the demand for a symmetric flow configuration. We can easily find a d that will prevent any bands from overlapping, instead of monitoring the interlaying of conflict zones between shells. We use d upper to represent such a value of d, which is an upper bound of d min .
Recall that the frame dimensions are proportional to d. We let the distance from the origin to a kth shell intersection be expressed as
Also, we let the radius of any circular conflict zone in shell k be given by r (k) , which we can calculate from φ (k) and (7), i.e.,
Then, for K shells (K ≥ 2 and n ≥ 5), K − 1 constraints can ensure that a set of bands containing the shells entirely do not result in overlap:
where λ (k) is calculated as follows. We simply evaluate the Cartesian distance that is established by the coordinates given in (9) . Let θ j = 0 and θ k = φ (k) and, finally,
By substituting (22) and (24) into (23), we obtain for k = 1, . . . , K − 1. Note that, in the above expression, the right-hand side achieves its maximum when k = 1; therefore, we can replace the above K − 1 constraints with a single constraint-the constraint for k = 1, i.e.,
One additional constraint also exists-a "string of pearls" constraint-which requires the innermost shell to accommodate all n flows without overlap of conflict zones within the band (Fig. 8 ). This constraint is sufficient for overlap within all shells because the shells that are further out have a larger circumference and a smaller conflict zone radius: 
It can be verified that the first term of the right-hand side dominates for n ≥ 6, and as n goes to ∞, we have the following result [by using the fact that lim x→0 (tan x)/x = 1]:
which implies d upper ∈ Θ(n 3 ) (which means that d upper is within a constant multiple of n 3 ). To show that the band-constrained upper bound is relatively tight, we will find a lower bound of d min that is of the same order. We can achieve such a lower bound, which is denoted as d lower , by noting that odd-sequenced shells (1, 3, 5 , . . . , or 2, 4, 6, . . .) are oriented in the same way. That is, the vertices in the regular n-gons of the odd sequence occur along the same radial lines (here, n should be no less than 7 to ensure that K ≥ 3). As a result, if bands 1 and 3 are brought together, it implies tangency of the conflict zones between the bands. for n symmetric flows. Note that the order of growth of the lateral-displacement demand for stability is too high to be practical. In addition to the large rate of growth, the actual demand is quite difficult to judge for any but the simplest of flow approaches. One solution, which is left for future work, may be to combine sets of flows in proximity to each other into "thick" flows and then to reevaluate the traffic complexity.
VI. CONCLUSION
In this paper, we have provided a framework in evaluating minimal displacement conflict avoidance in the spirit of previous research in the area considering intersecting flows of aircraft [18] , [19] , [21] . We have extended those previous results to arbitrary numbers of flows by introducing a single layer of structural abstraction (the conflict zone) and allowing multiple traffic maneuvers. We have considered the conflict zone as the fundamental stable unit of airspace for the conflict resolution. Building upon the analytical results for two intersecting flows within a conflict zone, we have estimated the performance bounds for three and more intersecting flows. Our strategy is to laterally displace the aircraft flows, so that they intersect in pairs, and the resulting conflict zones have no overlap. We have formulated this problem into an optimization problem, which aims to keep the demand for the lateral displacements of aircraft flows as low as possible. The minimum demand of lateral displacements of aircraft flows provides an indication of the traffic complexity for multiple intersecting flows. This complexity indicator is a function of the number and the orientation of the aircraft flows under consideration. Although the optimization problem to minimize the maximum lateral displacement of all flows is difficult to solve in general, we have developed an algorithmic procedure to find a closed-form solution for the three-flow problem. For the numbers of flows that are greater than three, we have studied the symmetric configuration and shown that the order of growth of the demand for lateral displacements is O(n 3 ) for n flows of aircraft.
